Abstract
Introduction
The Point Distribution Model (PDM) [9] has become a very popular tool for statistical shape analysis and has been widely used in various computer-vision and medicalimaging applications such as image segmentation [9, 23] and shape based diagnosis [3, 4, 8, 15, 21] . The major challenge in constructing a PDM comes from the step of (landmark-based) shape correspondence, which aims at identifying a set of accurately corresponding landmarks from a population of given shape instances. The nonlinearity of the shape description and shape variation for most anatomical structures leads to a problem where it is very difficult to find an optimal solution. This difficulty is further increased when the shape is a 3D surface.
In the past several years, many 3D shape correspondence methods have been proposed for PDM construction [6, 7, 11, 19, 22, 26, 28, 34] . Most of these methods are aimed at closed-surface shape correspondence. For example, both the Minimum Description Length (MDL) [11, 18] and Spherical Harmonics (SPHARM) [5, 16] methods map each shape instance to a sphere and reduce the shape correspondence problem to that of parameterizing the sphere. It is usually difficult to apply such a sphere-mapping step to open-surface shapes.
In many medical-imaging applications, the structure of interest bears an open-surface shape with a defined, closed boundary. The human diaphragm is a typical example of such shapes. It is an open-surface tissue that separates the chest and abdomen. It is located beneath the lung and above the liver, with its edge affixed to the corresponding bone frame (ribs, xiphoid and lumbar), forming a 3D closed boundary, which corresponds across all shape instances. This is different from the open surface resulting from the cropping of a 3D object by image perimeter, where the surface boundary is usually of a 2D form and may not correspond across all shape instances [27] . The shape and position of the diaphragm have been related to pulmonary function in clinical applications. However, the analysis of the diaphragm is currently hindered by the nature of the underlying shape which is unsuitable for existing shape correspondence methods. Hence, we need a method to perform the shape correspondence of an open-surface shape with a closed boundary to construct a PDM.
Related to this paper is the 3D landmark-sliding method SLIDE [10] that can be used to correspond both opensurface and closed-surface shape instances. In this method, each target shape instance is first aligned with a given template shape. Based on this alignment, an initial estimate of the corresponding landmarks is established and a landmarksliding framework is developed to refine the initial estimates of corresponding landmarks. Compared to MDL and SPHARM, this method requires less CPU time and usually leads to a PDM with better compactness, generality and specificity characteristics [10] . However, this method does not guarantee that the landmarks identified across shape instances have consistent topology. Further, it does not ensure that landmarks along the closed boundary of the template shape correspond to landmark points along the closed boundary of the target shape. Also related to this paper are the works on brain mapping [13, 14, 30] , which address the problem of identifying corresponded landmarks on cortical surfaces, which are open surfaces. However, these works are highly dependent on the geometric information of anatomic features such as the gyra and sulci. In this paper, we address the problem of identifying corresponding landmarks on smooth surfaces which may have few (or none) such anatomic features with defined geometric information.
In this paper, we develop a new method to correspond 3D open-surface shape instances by identifying topologically consistent landmarks. Specifically, we define landmarktopology consistency through the triangle mesh representation of a surface: the landmarks identified from each shape instance must constitute a valid triangle mesh for this shape instance when these landmarks are connected in the same order as in a given template. Starting with a set of 3D open-surface shape instances in the form of densely sampled point clouds, the proposed method consists of the following steps: (a) Construct a 3D triangle mesh for each shape instance independently. (b) Map each constructed triangle mesh to a 2D planar triangle mesh using conformal mapping [1] . (c) Construct an initial estimate of topologically consistent landmarks in the 2D plane followed by inverse conformal mapping to the 3D shape instance. (d) Apply a landmark-sliding algorithm to refine the landmarks while maintaining the topology consistency.
The remainder of the paper is organized as follows: In Section 2, we formulate the problem by describing the concepts of topology consistency and shape correspondence error. Section 3 describes in detail the proposed method. We present our experiments and results in Section 4, followed by a brief conclusion.
Problem Description
The input of shape correspondence is a set of shape instances. As shown in Fig. 1 , we represent each open-surface shape instance S that describes an open-surface shape as: (a) S P , a dense point cloud defining the entire open surface; (b) S B , the subset of S P that describe the closed boundary of the surface; (c) S M , a triangle mesh constructed to approximate S; (d) S L , the set of landmarks identified by the shape correspondence method; (e) S T , the triangle mesh generated by using S L . Different from S L and S T , S M is constructed independently and may contain different number of vertices and triangles for each shape instance.
Among these, S P is the original data obtained from manually or automatically segmented medical images. S B and S M are derived from S P to describe the boundary feature of the surface and topological nature of the open-surface shape instance. We use S M to construct the conformal 2D planar mapping of the surface S. S L and S T are the output of the proposed method. As in previous research on PDM-based shape correspondence [3, 4, 9] , the identified landmarks S L may not coincide with any anatomically significant features. We simplify the problem formulation to correspond two shape instances: a template U and a target V . For multiple shape correspondence, we can select one shape as the template and repeatedly correspond each of the remaining ones to this template. For the template U , we can construct the triangle mesh U M independent of all other shape instances. We directly set the vertices of U M to be the landmarks U L , which are fixed in shape correspondence and set the triangle mesh U T = U M , which defines the triangulation information of connecting identified landmarks into a triangle mesh in the target shape instance. The problem can then be formulated as constructing a corresponding set of landmarks V L on the target surface V that minimize a pre-defined shape-correspondence error d(U L , V L ). In addition, from V L we can construct a mesh V T by applying the same vertex triangulation information as in U T . We say that V L is topologically consistent with U L , if V T is a valid and accurate triangle mesh representation of V . Particularly, V T must be a simple mesh without any self intersections. In this paper, we denote each landmark in U L to be u i = (u ix , u iy , u iz ) and the corresponding landmark in the target V L to be
Shape Correspondence Error
We use 3D thin-plate splines [3, 12, 31] to model the correspondence error between template landmarks U L and target landmarks V L . The thin-plate spline bending energy measures the energy required to deform a volume to match these two sets of landmarks. In particular, the thin-plate spline transform finds a mapping t = (t
. . , n. The thin-plate bending energy is invariant under any affine transformation. This is suitable for our purpose because we wish to model the non-rigid deformation observed in biological shapes.
Further, we find an expectation, V E , for the target landmarks. Let the expected target landmarks be denoted by v
In this paper we obtain V E by using a simple feature of the boundary of opensurface shapes, i.e. the boundary of open-surface shapes must be corresponded. The surface boundaries of the template and target can be derived from point sets U B and V B , respectively. Both of them are a 3D closed contour. Note that the landmarks on the template boundary are fixed. They are the m surface boundary points in U L and our goal is to identify m corresponded landmarks along the surface boundary of V . For simplicity, we denote the m surface boundary points on the template to be U BL and the identified m corresponded landmarks on the target to be V BL . In this paper, we directly extend the 2D landmark-sliding algorithm [33] to correspond these two 3D curves. The only extension is to use 3D thin-plate bending energy for describing the shape-correspondence error. We derive the thin-plate transform t from the corresponded boundary landmarks and then apply it to all the landmarks in
Hence, the shape correspondence error may be defined in a quadratic form as:
where v x , v y and v z are the columnized vectors that contain the x, y and z coordinates of the landmarks in V L , respectively. L is the n × n upper left submatrix of
with u x , u y and u z being the columnized vectors that contain the x, y and z coordinates of the landmarks in U L . Since V E is obtained by simply using the correspondence of the boundary, we set λ i > 0 for all v i ∈ V BL , and λ i = 0 otherwise. In this way, the right side of (1) includes the 3D thin-plate spline bending energy in the first three terms and the last term penalizes the error between the boundary landmarks of the template and target shapes.
Topology Consistency of Landmarks
Using the thin-plate bending energy as the shape correspondence error, does not guarantee the preservation of topology consistency between the template and the target [32] . For example, in Fig. 2 , the landmarks V L shown in (b) have a finite bending energy with the template landmarks U L in (a). However, when we connect the landmarks V L by following the same vertex connectivity as the template triangle mesh, we obtain a non-simple triangle mesh V T with self intersections. Note that we cannot redefine the connection order in V T to remove self intersections because this connection order is defined by the template mesh U T . Landmark topology consistency reflects the geometric homeomorphism between the template and the target shape instances. Hence, landmark topology consistency should be included as a critical constraint in shape correspondence and statistical shape modeling. In Section 3, we introduce a new approach based on conformal mapping to explicitly preserve the landmark topology consistency in open-surface shape correspondence.
Proposed Method
The proposed method consists of three main steps: First, we construct the template landmarks U L and the template triangle mesh U T from the dense point cloud U P . Particularly, we adapt the K-means clustering algorithm [17] to preserve the surface boundary in U T . The same clustering method is independently applied on the point cloud V P to construct a triangle mesh V M for the target V . Second, we derive an initial estimate of corresponded target landmarks V L by applying the shape-context [2] method toŨ T andṼ M , the 2D conformal mappings of U T and V M , respectively. Finally, we develop a new aggressive landmark sliding algorithm to refine V L by minimizing the shape cor-
Construction of U L , U T and V M
Many methods have been developed for constructing a triangle mesh from a dense point cloud. In this paper, we use an adaptation of the well known K-means clustering algorithm [17] on the dense point cloud. After this, we treat the sparsely and uniformly (or nearly uniformly) distributed cluster centers as the vertices to construct a triangle mesh.
The traditional K-means clustering algorithm cannot accurately preserve the boundary of an open-surface: In the K-means algorithm, the cluster centers are derived by averaging the points in a neighborhood and there is no guarantee that sufficient points along the surface boundary can be included as cluster centers. An example is shown in Fig. 3 (a) , where no points along the surface boundary are included as cluster centers (circled dots). To address this problem, we adapt the K-means algorithm to a constrained K-means algorithm, which identifies sufficient cluster centers from the surface boundary as shown in Fig. 3 (b) . As in the traditional K-means clustering algorithm, we alternately update the cluster centers and the point assignments in each cluster, but add one more step. For the template U , in each iteration of updating the cluster centers, we first estimate the K cluster centers by averaging the points in each cluster. After this, we further update the cluster centers that contain points in U B (the surface-boundary points). Specifically, if a cluster contains any point in U B , we update the center of this cluster by averaging only the surfaceboundary points in this cluster. We alternately repeat this two-step cluster-center updating operation and the pointassignment operation until there is no significant change in the positions of the cluster centers. Using this constrained K-means clustering algorithm, we can construct a triangle mesh U T that well represents the underlying surface.
Using the same method, we also independently process the point cloud of each target shape V to construct a triangle mesh V M . Note that, there is no correspondence between the vertices of U T and V M because we process them independently. In fact, U T and V M may have different number of vertices. In the next section, we develop a method to derive landmarks V L and mesh V T from the target so that they correspond to the landmarks U L and mesh U T on the template.
Initial Estimate of V L
We use shape matching based on geometric information along with conformal mapping to construct an initial estimate for the target landmarks V L . First, we use the Least Squares Conformal Mapping (LSCM) method of [24] to flatten the template triangle mesh U T and target triangle mesh V M to their 2D conformal representationsŨ T andṼ M respectively, as shown in Fig. 4 (a) and (b) . With the 2D conformal maps, we can easily build a 2D parametrization for the 3D surface. Second, we use the correspondence between the boundary landmarksŨ BL andṼ BL to eliminate the translation, rotation and scaling differences between the template and the target using Procrustes analysis on the 2D plane. We then use the shape-context method [2] to find a matching between all the template landmarksŨ L (on the 2D plane) and V D , a down-sampled subset of points on the target on the 2D plane. We use the same method described in Section 3.1 to preserve the boundary while constructingṼ D . We only require that the number of points inṼ D be larger than or equal to the number of landmarks inŨ L so that each template landmark is assigned a corresponding target landmark. To enforce the requirement that template boundary landmarks U BL are corresponded to a point along V B , we set the cost of matching boundary landmarks with non-boundary points to a very large number. After finding the matches ofŨ L iñ V D , we perform inverse conformal mapping to get a set of target landmarks on the target.
However, we cannot directly use this set of landmarks on the target as the initial estimate of V L . It may contain mismatches because shape context only considers geometry information but not spatial topology, as shown in Fig. 4 (c) . If we construct the triangle mesh V T by connecting V L using the same connection information as U T , the mesh V T may not be a simple mesh without self-intersections. We use statistical regression and develop a process of elimination to remove such pairs (u i , v i ). We then use the remaining matched pairs to establish a topologically consistent initial estimate for V L .
Specifically, we define the regression cost function as
where L is the same thin-plate spline bending matrix as defined in (1). We calculate the optimal values ofv i to minimize this cost by equating to 0, the partial derivative of (2) Fig. 2 we discard the pair (u 6 , v 6 ).
(ii) They are not boundary landmarks. However, neighboring boundary landmarks may be switched to ensure topology consistency. (iii) 30% pairs with the largest value of r i are considered as mismatches, but we do not remove all the landmarks on the same triangle in U T .
By this process of elimination, we get U R and V R which are topologically consistent and representative landmarks. Finally, we calculate the 3D thin-plate transform between U R and V R , such that V R = t(U R ) and apply this transform t to all landmarks in U L to get the initial estimate for V L i.e. V L = t(U L ). We now connect the landmarks in V L using the same triangulation information as U T to get V T .
Refining V L by Aggressive Landmark Sliding
The initial estimate V L described above is constructed in the 2D conformal map domain using a shape-matching based approach. While it preserves the landmark-topology consistency, it may not minimize the 3D shape correspondence error (1) . In this section, we adapt the 3D landmark-sliding algorithm proposed in [10] to further refine V L . In this algorithm, all landmarks in V L are simultaneously and iteratively moved on the surface V to minimize the correspondence error (1) . In every iteration, we first move each landmark on its tangent plane and then project the new landmarks back onto the surface V . More specifically, each landmark v i ∈ V L is moved to v i = v i + α i p i + β i q i on the tangent plane, where p i and q i are linearly independent unit tangent vectors and α i and β i are the sliding distances along these two tangent vectors. The optimal sliding distances can be found by solving the following quadratic-programming problem
∈{x,y,z}
subject to constraint
where,
Note that the second term of (3) only considers the expected boundary landmarks since λ i = 0 for all other landmarks. This construction ensures that the boundary landmarks do not move far from the surface boundary. The constraint (4) is the same as the one used in [10] for controlling the step length in sliding. However, in this paper, we introduce aggressive landmark sliding. We first set to a large value and perform a step of landmark sliding. If the topology consistency is broken by the result of this step of sliding, we replace = /2 and redo the step of landmark sliding. We continue in this fashion until a value for is reached such that the landmark sliding can be performed without violating the topology consistency or the value of becomes too small to perform any landmark sliding. This is in contrast to the method used in [10] where the landmark sliding is restricted to a very small region by setting to a fixed, small value. For projecting v i back onto the surface V , we find, from the input dense point cloud V P , a point that has the smallest distance to v i . The resulting closest point is then used as v i for the next iteration of landmark sliding.
Generally, it is very difficult to directly check the topology consistency of landmarks in 3D. We utilize the 2D parametrization rendered by the conformal mapping. Specifically, we find, from triangle mesh V M , the closest point to v i . This point denoted as v i , may be located within a triangle or along the sides of a triangle. Since v i , i = 1, 2, . . . , n are on the triangle mesh V M , we can apply the conformal mapping to find their mappingṽ i . If the triangle mesh built on the point-setṽ i , i = 1, 2, . . . , n using the same connection order as in U T has any selfintersections, we know the landmark topology is inconsistent with the template mesh U T .
Experiments
We perform our experiments on a set of 26 human diaphragm shape instances, each described by approximately 100, 000 to 250, 000 points. Identifying the diaphragm from torso CT images is a very important task in computer-aided diagnosis [35] . One of the reasons for the difficulty in performing shape correspondence on the diaphragm is the acquisition of input data. This is due to the nature of the region near the boundary of the diaphragm which is very cluttered in CT images and difficult to label. We obtained the 26 diaphragm shapes as follows: First CT images of the torso are obtained while the subject is holding their breath such that the lung volume is as large as possible for easy detection. Next, a semi-automatic method is used to roughly segment the diaphragm shape from the CT images. Finally, the shape is manually updated by adding, deleting and moving the identified points. This is a very tedious and time consuming task. In the future, we plan to use the proposed method to construct and apply a PDM to facilitate the automatic segmentation of the diaphragm.
In our experiments, we use the proposed method and SLIDE to correspond the same 26 diaphragm shape instances and perform a comparison. We then construct and evaluate the point distribution model (PDM) defined by the mean shape μ and covariance matrix derived from the correspondence results. For the proposed method, we set the initial value of = 50 in (4). Landmark sliding is set to stop after 20 iterations and we identify 842 corresponded landmarks on each of the 26 diaphragm shape instances. SLIDE was used with the recommended default parameters and asked to identify the same landmarks by selecting the same template shape for both methods. This ensures that the mesh connecting landmarks in the proposed method can be used to connect landmarks for SLIDE. Figure 5 . Comparison of the proposed method with SLIDE: The shape space of the PDM created using SLIDE is shown in red (top row for M = 1, 2) and the proposed method is shown in green. M = 1, 2 are the first two principal directions, μ is the mean shape and σ is the standard deviation along a principal direction. Note that SLIDE produces landmarks without connecting them into a mesh. Since the landmarks identified are the same for both methods, we apply the same triangulation order to the SLIDE shapes.
In Fig. 5 we show a few significant instances from the deformable shape space described by the PDMs constructed using the proposed method and SLIDE. Particularly, we show the shape instances after deforming the mean shapes along their first two principal directions, respectively. The magnitudes of deformation along these two directions are chosen from [−3σ, +3σ], with σ being the standard deviation of the PDM along a principal direction. We include two movies (slide.mpg) and (method.mpg) in the supplemental material to dynamically demonstrate these shape spaces along the first five principal directions. As shown in Fig. 5 , it is clear that the two PDMs describe similar shape spaces, but differ in two aspects. First, the shape space described by the PDM of SLIDE allows shape instances with self-intersecting surfaces and unnatural folding in some regions, as is the case for −3σ for M = 2, while the proposed method always leads to a simple triangle mesh with no selfintersections. Second, it can be observed that the boundary of the diaphragm shape is not well described by the PDM constructed using SLIDE and shows some folding, while the proposed method leads to a smooth boundary. The case of +3σ for M = 1 in Fig. 5 is an example of such inaccuracy in describing the boundary of the shape. The major reason for this inaccuracy, in SLIDE, is that no care is taken to represent the boundary sufficiently. In fact, in SLIDE there are no constraints that require the landmarks on the boundary of the template shape to only correspond to points on the boundary of the target shape. In this paper we introduce two new measures to check whether the identified landmarks can well represent the topology and the boundary of each diaphragm shape instance. Without correct topology and good representation of the boundary, the identified landmarks cannot well represent the shape instance. First, we define the topology error as:
Number of triangles in V T that are not topologically consistent with U T .
This measure evaluates the ability of a method to correctly represent the topological homeomorphism of the underlying shape. Second, we define the boundary error, as
where, v (i) is the closest point along V B to v i . This measure evaluates the ability of a shape correspondence method to represent the boundary of an open-surface shape. We apply these two new measures to all 26 shape instances and show the measures of Δ t and Δ b in Fig. 6 . It is clear that the proposed method performs better than SLIDE. Specifically, we can see in Fig. 6 (a) that 13 shape instances have topology inconsistency using SLIDE while the proposed method does not produce any topology errors. Further, in Fig. 6 (b) we can see that the proposed method shows a large improvement over SLIDE for Δ b . In [29] , three quantitative measures are introduced for evaluating the shape correspondence results by examining the compactness, generality and specificity of the constructed PDM. Figure 7 shows these three measures, where we find that SLIDE results in better compactness, generality, and specificity (smaller values) than the proposed method does. This is in contrast to what we obtained above. The major reason is that, without a reference to any ground truth, these three measures only evaluate the properties of the resulting PDM and do not check whether the resulting PDM can really represent the underlying shape. This limitation has been pointed out in several previous works [20, 25] . In other words, these three measures are only meaningful when the identified landmarks can well represent the original shape instances, both topologically and geometrically. More specifically, we can clearly see from Fig. 8 that landmarks identified by SLIDE do not correctly model the whole diaphragm by missing the area near the boundary, leading to a PDM with lesser variation and hence a better compactness measure. This also makes the size of the mean shape resulting from SLIDE smaller than that from the proposed method along the vertical direction, which gives SLIDE an undesirable advantage in terms of these three measures. As mentioned above, in this case, the correspondence results from SLIDE are in fact incorrect and the results from these three measures are misleading.
Finally, we asked a medical expert majoring in human anatomy with over 20 years of experience to perform a qualitative evaluation of the proposed method. Specifically, we asked the expert to comment on the deformable shape space described by the PDM created using the proposed method on the 26 diaphragm shape instances. We changed the magnitudes of deformation along the first five principal directions from −3σ to +3σ to deform the mean shape. The expert identified three major criteria for evaluating this PDM: (a) the smoothness of the diaphragm surface, (b) the symmetry of the surface boundary and, (c) the similarity of the shape space described by the PDM to the general shape of the diaphragm. The expert observed that each shape described by the PDM had a smooth surface reflecting the real case of a diaphragm and expressed satisfaction with this aspect of the PDM. Further, the expert commented that each surface boundary appeared to have good symmetry in the region along the ribs. However, some symmetry was lacking in the part of the boundary near the spine. The expert also asserted that each shape in the deformable shape space can be considered as a naturally occurring case of the diaphragm. Finally, he observed that the mean shape of the PDM can be considered as a common instance of the diaphragm shape. These comments show that the PDM successfully reflects the variation observed in the natural diaphragm shape.
Conclusion
In this paper, we presented a novel method to address the important problem of open-surface shape correspondence. This method can identify a good triangle mesh from each shape surface such that (a) the vertices of these triangles are the desirable corresponded landmarks and, (b) all meshes are generated using the same connection information. Particularly, we used least squares conformal mapping to facilitate the checking and preservation of the landmark topology consistency, which is critical for constructing a simple, valid mesh without self intersections. In addition, we used the 3D thin-plate bending energy to model the landmark correspondence error and developed an iterative landmark refinement algorithm to reduce this error. We tested the proposed method on 26 human diaphragm shape instances and showed that (a) its performance is better than that of a prior related method and, (b) the PDM constructed using the proposed method leads to a valid representation of the natural variation observed in the diaphragm.
